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Abstract. ‘The three-dimensional S = 1 axial next-nearest neighbour king (ANNNI)  model 
is discussed. In addition LO the ferromagnetic intra- and inter-layer interactions .lo and J , ,  
two types of competing antiferromagnetic interactions are considered between next-nearest 
layers, i.e. ordinary two-site two-spin interaction, J,S,S,,,, ([2-21 model) or three-site 
four-spin interaction, J3S,S:+,S,+2, ([3-41 model). For both models, the ground state is 
rigorously obtained by means of the transfer matrix method, and proved to change from 
ferromagnetic to antiphase spin structure at J2(or J,)/J, = -2 with the increase of competi- 
tion. From magnetization, internal energy. specific heat and ‘absolute magnetization’ 
calculated by the Monte Carlo simulation with Fourier transformation, phase boundaries 
among paramagnetic, ferromagnetic and modulated phases are determined with location 
of the Lifshitz point. It is confirmed that for the [3-41 model the selfspin correlation, Sf+, , 
included in three-site four-spin interadion weakens the frustration between 3, and 3, at 
high temperatures. In the vicinity of the paramagnetic phase transition. the correlation 
along the z-direction becomes considerably weaker than the correlation in xy-plane owing 
to the frustration along the z-direction. Consequently, for both [2-21 and [3-41 model there 
exists the temperature region in which the system behaves as quasi two-dimensional system. 

1. Introductioo 

The axial next-nearest neighbour king (ANNNI) model [l, 21 is a particularly simple 
model exhibiting spatially modulated phases which can be either commensurate or 
incommensurate with the underlying lattice. Originally, the ANNNI model was intro- 
duced by Elliot [l] and, Bak and von Boehm 121 to describe the sinusoidally modulated 
phases of the rare-earth metals or rare-earth intermetallic compounds such as Er [3] 
and CeSb [4]. Due to a large axial anisotropy of rare-earth elements, these spins behave 
as king spin of spin value S (Sai). The molecular-field calculation [2,5], the Monte 
Carlo simulation [6], the high temperature series expansion [7,8] perfonned mainly 
for S = f system have revealed the interesting properties such as the ‘devil’s staircase’ 
and partially disordered phase. 

In the case of S a  1, it is known that not only the ordinary bilinear exchange 
interaction, S&, but also the higher order spin interactions, S:Sj, SjSjSk and so on, 
become important. These higher order spin interactions originate from the magnetostric- 
tion or can be derived from the higher order perturbation procedure. The role and the 
importance of those interactions have been discussed extensively by many investigators 
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191. Particularly, in the previous work for the magnetically dilute king system [IO], 
the characteristic difference between the three-site-type interaction, SjSjSk, and the 
two-site-type interaction, Sisi, has been emphasized in the concentration dependence 
of the Curie temperature. Recently, the A " N 1  model with higher order spin interactions 
has been studied by Nakanishi [ I l l ,  replacing the four-spin correlation function by 
the product of the thermal average of each spin and calculating the entropy based 
on the two level model. The higher order spin interaction in their work corresponds 
to the four-sitetype interaction, SIS,SkSi, for S = f and the three-site-type interaction, 
which is peculiar to S> 1, is not considered. 

In this paper, based on the transfer matrix method and the Monte Carlo simulation, 
we discuss the ground state and the order-disorder transition for two types of the 
three-dimensional S = 1 ANNNI model. The first one is the ordinary model described 
by the following Hamiltonian: 

where SI = *l or 0, Jo> 0 is a ferromagnetic nearest-neighbour interaction within the 
xy-plane, and J l >  0 and J 2 < 0  are competing interactions between nearest- and next- 
nearest layers perpendicular to the z-direction, respectively (figure 1). The second one 
is the model, in which the two-site two-spin interaction, J2S,S,, is replaced by three-site 
four-spin interaction, J3SiS:Sk, among three adjacent layers, i.e. 

In the following, these two models are termed [2-21 model and €3-41 model, respectively, 
and discussed comparatively. 

C J g -  Figure 1. The three-dimensional ANNNl model. 

The arrangement of the paper is as follows. In section 2, the ground state and the 
ground state energy for [2-21 and [3-4] models are rigorously calculated using the 
transfer matrix method. In section 3, the phase transitions at finite temperature are 
discussed for both models by the Monte Carlo simulations with Fourier transformation. 
Finally, in section 4 the results are summarized and the concluding remarks are given. 

2. The spin structures of the ground state of the three-dimensional ANNNI model 

The ground state of the three-dimensional ANNNI model can be understood by studying 
the spin configurations of the one-dimensional king system along the z-direction 



ANNNI model with higher order spin interaction 1813 

(competing direction) described by the Hamiltonian 

H,d = -1 (J,S~%+I+ J2SZSt+2+ J&S?+ISC+~) 
i 

(3) 

where Sj = kl  or 0. We have investigated the spin configurations by the transfer matrix 
method [12]. In the case of N spin system with the periodic boundary condition, 
SN+: = Si, the partition function is given by 

where 

US2,si+l, Si+2)=e K , s ~ ~ ~ . , , , + K , s , s , + , + K , s , ~ ~ , s ~ ~ ~  ( 5 )  

means the trace for each spin, and Ki = JJ T (  i = 1 - 3). We introduce the variables, 
r, = (Sj ,  Si+l), as the bases of the direct product space for two neighbouring spins, 
where T~ has nine sets, (1, l), ( l , O ) ,  (1, -l), (0, l) ,  (O,O), (0, -l), (-1, l), (-1,O) and 
(-1, -1). Using these bases, equation (4) is represented in the following 

N 

Z N = x  L(r j , r j+ ] )=TrLN (6) 

where L is the 9 x 9  transfer matrix describing L(ri,  ri+l) = L(Si, Si+l, Sif2) with bases 
r. With the maximum eigenvalue A ,  of nine eigenvalues, hi ( i  = 1 - 9 ) ,  of the transfer 
matrix L, one can express the free energy as 

(T) i = t  

In the limit N + 00, the ground state energy per spin is given by the following equation: 

(8) E = - T In A l .  

From equation (9, L is written as 

L 3 1  L 3 2  L33 

where the 3 x 3 matrices Lij ( i ,  j = 1 - 3) are given by 

0 

0 ,  
Ll* = 

0 
0 

e-K,+K,+K, e-K, e-K,-Kt-K, 
Ll3 = 

( 9 )  
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and the other ones b1, Lz2 and LZ3 are obtained by putting K; = 0, and L,, , L32 and 
L,, are obtained by putting K j - t  - K j  in equations (lo), (11) and (12), respectively. 

We write down the eigenequation from equation (9), 
9 

"=O 
DetlL-A\El= C,A"=O (13) 

where C. are analytically obtained as the function of K;. At zero temperature K; are 
infinite. Therefore, in order to determine the maximum eigenvalue A I ,  one can neglect 
all terms except A' and the maximum term in the remaining part of equation (13). For 
arbitrary K~ (or K J ,  where K ~ =  Jz/J1, K )  = J 3 / J l  and J ,  20, the maximum eigenvalue 
A ,  has been obtained; 

[2-21 model: J3 = 0 
I For ~ ~ a - 2 ,  h,=exp(K,+K,) and for ~ ~ s - 4 ,  Al=exp(-K2). Fromequation 

(S), the ground state energy is 
-51-1, ( K z a - f )  

E = L ,  ( K z S - f )  

corresponding to the ferromagnetic phase (f' t t t) and antiphase (t f' .1 J), 
respectively. 
[3-4] model: J 2 = 0  

Consequently, in both models as competition increases between nearest and next- 
nearest neighbour interaction, the ferromagnetic phase changes into the antiphase at 

model [6]. 
K ; =  K ; = - - l  2 .  This result is in agreement with that of the three-dimensional S = 4 ANNNI 

3. The Monte Carlo simulation 

For Jo=Jl>O, J2,  J3<0 ,  the Monte Carlo simulation [13, 141 is performed for the 
L x L x L,, (L, L,) = (6,40), simple cubic lattice with periodic boundary condition in 
three directions [6]. The magnetization per spin; 

intemal energy E, specific heat C and 'absolute magnetization' defined by 

are calculated. In the above, N is the number of spins, and the first and second 
summations denote the sum along the z-direction and in the xy-plane, respectively. 
In antiphase and modulated phase, M is expected to be zero but M. is not the case 
owing to the ferromagnetic order in xy-plane, and in the paramagnetic phase both M 
and M, should be zero. Therefore, Ma may be regarded as the order parameter of 
ferromagnetic ordering in the xy-plane. The specific heat is calculated using the 
fluctuation-dissiDation relation as 
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The spin structures in the z-direction are analysed by checking the Fourier transforma- 
tion coefficients 

L ’  
bq2 =- C M ( z )  sin(q;z) 

L, r=1 

where M ( z )  denotes the layer magnetization per spin: 

The calculations are mainly camed out for heating process. To establish an equilibrium 
the first 1500-12 000 MCS (Monte Carlo Steps per spin) are discarded and the same 
order of MCS are used to calculate the thermal averages. The initial states used are 
ferromagnetic state for K 2 ( o r  K,) > -4 and antiphase state for K2(or K,) < -4. 

The dependence of the wavevector q. on temperature for K2(or  K>) = -0.52, -0.8 
is shown in figure 2. In both models, the wavevector behaves like the ‘devil’s staircase’. 
The temperatures, TFu and TFL, are determined from the dependence of the wavevector 
on temperature. The upper temperature, T,, , is the temperature at which all Fourier 
coefficients almost vanish within the numerical precision. Namely, the long range 
correlation along the z-direction is strongly suppressed in T >  TFu. The lower tem- 
perature, TFL, is the temperature at which the wavevector with maximum Fourier 
coefficient jumps from the ground state wavevector to another wavevector. Namely, 
T,, corresponds to the transition temperature from the ground state to a modulated 
phase. The obtained critical wavevectors at T = TFu for some K2(or K,) are shown in 
figure 3. 
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Figure 2. The dependence of the waveveclor q, on 
temperature. 0 and A denote the case of K*= -0.52 
and -0.8 for [221 model, and X and + denote the 
case of I, = -0.52 and -0.8 for 13-41 model. 

Figure 3. The dependencs of the critical wavevector 
q: on K* (or K J  for [24] and [3.4] model. and x 
denote the results by means of the Monte Carlo 
simulation for [2-21 and [3-41 model, respenively. 
Solid lines denote the results by means of the 
molecular-field approximation in the appendix. 
Ground state is shown by dashed line. 
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The specific heat and the internal energy of the [3-4] model for K~ = -0.6 and -0.2 
are shown in figure 4. There exist two peaks in the plot of specsc heat for K~ = -0.6 
(figure 4(a)). Let us define the lower and the upper temperature corresponding to 
these two peaks as TL and Tu, respectively. As K~ approaches to -1.0, the interval 
between T, and Tu becomes narrow. For -0.3 S K~ two peaks collapse into a single 
peak, i.e. TL= Tu (figure 4(b)). The E2-21 model shows similar behaviours of specific 
heat and internal energy as the [3-4] model. 

The magnetization (M) and the 'absolute magnetization' (Ma) of the [3-41 model 
for K )  = -0.6 and -0.2 are shown in figure 5.  For K) = -0.6, M is almost zero in the 
whole range of temperature and Ma shows a drastic change suggesting the first order 
transition (figure 5(a)). On the other hand, for K) = -0.2, both M and M. show the 
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Ffgure4. Specific heat (0) and internal energy (x )  per spin for [34] model. (a): K~ = -0.6 
and (b):  K~ = -0.2, respectively. 
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(a): K,- -0.6 and (b) :  K $ =  -0.2, respectively. 



ANNNI model with higher order spin interaction 1817 

drastic change at the same temperature (figure 5 ( b ) ) .  In both cases, the position of 
the drastic change is in agreement with the above defined TL. At Tu, both M and Ma 
do not show any remarkable behaviour, while the position of inflection point in M, 
versus T / J ,  may correspond to Tu. The [2-21 model shows similar behaviours of M 
and Ma as the [3-41 model. 

From the above results, the T - K 2  (or KJ magnetic phase diagrams for [2-21 and 
[3-41 model have been obtained and are shown in figures 6 and 7, respectively. TFu 
and TFL are determined by the dependence of the wavevector on temperature, and Tu 
and TL are determined by specific heat C and magnetization M and M a .  In the 
calculation, TL is in agreement with TFL within a limit of the error, and this TL( = TFL) 
may correspond to the transition temperature from the ground state to a modulated 
phase. On the other hand, TFu is different from Tu. Figure 6 and figure 7 suggest an 
inequality, TFuS Tu. In the vicinity of TFu, the correlation along the z-direction 
becomes considerably weaker than the correlation in the xy-plane owing to the 
frustration along the z-direction, and until Tu is approached no apparent anomaly is 
found in the specific heat C, magnetization M and Ma. This suggests that in T .  < T <  
Tu the present system behaves like a quasi two-dimensional ferromagnetic one and 
that Tu corresponds to the transition to the paramagnetic phase. Figure 8 shows the 
'absolute magnetization' versus T/TFu for K~ = -0.52, -0.8 and -1.0. Near T -  TFu, 
M, is finite and as approaches -0.5, M, becomes larger. Namely, near T -  TFu as 
the competition along the z-direction becomes stronger, the correlation in the xy-plane 
remains stronger than the correlation along the z-direction. This result supports the 
above mentioned quasi two-dimensional behaviour. This quasi two-dimensional 
behaviour may be related to a smooth crossover in the effective susceptibility index 1151. 

3m 2 

:TU 
.:TL 
I :TN 

1 

FERRO AP(tt--) 
0 -0.5 -1 

I C 2  I C 3  

Figure 6. The magnetic phase diagram for [ 2 4  
model. 0, A and x denote Tu, TL(=Tm) and TFu, 
respectively. respectively. 

Figure 7. The magnetic phase diagram for [3-4] 
model. e, A and x denote Tu. TL(=Tm) and TNI 

Letting all interactions along the z-direction be zero, both [2-21 and [3-4] models 
result in S = 1 king model on a square lattice. From the Monte Carlo simulation on 
three lattices (6x6, 15x 15 and 20x20), we obtained TJJo-  1.8 as the transition 
temperature of this model. As K~ (or K ~ )  approaches -0.5, the frustration along the 
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t i .v I" 

"" 

FIgure S. 'Absolute magnetization' per spin v w u s  
TIT, for [34] model. a, V and x denote the case 
of K ,  = -1.0, -0.8 and -0.52 

1 0 'L 
TTT,, 

z-direction becomes strong, the transition temperature Tu/JI lowers to 2.3. This 
lowering of the transition temperature may be attributed to the quasi two-dimensional 
behaviour due to the frustration along the z-direction. 

For both models, consequently, there exists the single transition of F+ P for K~ (or 
K ~ ) > K $  (or ~:),andsuccessivetransitionofF+M+PorA+M+Pfor   or K ~ ) S K ~  
(or K?), where F, A, M and P denote the ferromagnetic phase, the antiphase, the 
modulated phase and the paramagnetic phase, respectively. The Lifshitz point LP: ( K ;  

(or K:), T*) at which these three phases of F, M and P coexist is estimated as follows 

-0.3 S K ;  5 -0.2 2 .57s  T*/J,S2.8 for [2-21 model 

-0.45 5 K: 5 -0.3 2.35G T*/J ,  S2.61 for 13-41 model. 

For comparison, the estimates of LP by simple molecular field calculation is given in 
table 1. 

Phase diagrams for the [3-41 model are compared with that of the [2-21 model in 
figure 9.Order-disorder line (T,-Line) of the two models crosses near K~ (or K ~ )  = -0.3. 
This crossing is explained by a selfspin correlation Sj included in three-site four-spin 
interaction, J3SiS:Sh. For K? (or K ~ )  2 -0.5, the ground ferromagnetic state is stabilized 
by ferromagnetic nearest-neighbour interaction, J ,  , and disturbed by antiferromagnetic 

Table 1. To, T. and Lifshitz point for S = 1 ANNNI model by means of the molecular.6eld 
approximation in the appendix, where w 0 =  & f J ,  and a =S(S+ 1)/3=$. The transition 
temperature Tu defined in section 3 componds to T. or T, in this table. 

1 
[2-21 model 4 ~ + 2 + 2 ~ ~  4 ~ ~ - 2 ~ ~ - -  K$--$ 

4 ~ 2  

3 3 8 K j  

4K 4x, 3 
[3-41 model 4 ~ ~ + 2 + ~  4 ~ ~ - - - -  x f = - $  
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1 1 
O A  :[3-41 MODEL 
O A  :[2-21 MODEL 

FERRO AP(tt--) 

0 - 0.5 - 1  

T/J, 

'U 
K. 2( n 3) 

Figure 9. "he magnetic phase diagram for [2-21 
(0, A) and [3-41 (@, A) model without error bar. 

Figure 10. The temperature dependence ofthe spin 
correlation for K~ (or K ~ )  = -0.6. Solid and dashed 
lines denote (S,S,+J for [2-2] model and (S&+,S,+& 
for [3-41 model, respectively. 

next-nearest-neighbour interaction, J2 or J3.  As the temperature is raised, the three-site 
four-spin interaction, J3SiSjSk, is expected to be diminished by the factor S: compared 
with bilinear interaction, JzS,Sj. This means that the frustration effect for the [3-41 
model is weaker at high temperatures and Tu becomes higher than the [2-21 model. 
On the other hand, for K~ (or K ~ )  < -0.5, the ground antiphase state and the modulated 
phase are stabilized by antiferromagnetic next-nearest-neighbour interaction, J2 or J3,  
and disturbed by ferromagnetic nearest-neighbour interaction, J1. Therefore, for the 
same reason as the above case, both Tu and T, for the [2-21 model are higher than 
those for the [3-41 model. Figure 10 shows the dependence of (SiS,+zy and 
(S,S;+lSi+2) on temperature for K~ (or K ~ )  = -0.6 by means of the Monte Carlo simula- 
tion. Figure 10 supports the above discussion. 

4. Cooclusious 

We have presented the results of a study of both 12-21 and [3-4] models in three- 
dimensions, based on the transfer matrix method and the Monte Carlo simulation. 

By the transfermatrix method, theground states of two models have been rigorously 
determined. Both models have common ground states for arbitrary K~ (or K ~ ) .  For K~ 

(or K ~ ) >  -0.5, the ground state is ferromagnetic state, and for K~ (or ~ ~ ) < - 0 . 5 ,  the 
ground state is aintiphase of qJ2v =a. 

By means of the Monte Carlo simulation, some physical quantities and the Fourier 
coefficients of magnetization have been calculated. From the dependence of these 
quantities on temperature, Tu, TFu, TFL and the Lifshitz point have been estimated, 
and the phase diagrams for both models have been obtained. Comparing [Z-21 and 
[3-4] models, it is confirmed that for the [3-41 model the selfspin correlation S: included 
in three-site four-spin interaction, weakens the frustration between J, and J3 at high 
temperatures. In the vicinity of TFu the correlation along the z-direction becomes 
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considerably weaker than the correlation in the xy-plane owing to the frustration along 
the z-direction. Consequently, it is confirmed that for both [2-2] and [3-41 models' 
there exists a temperature region in which the system behaves as quasi two-dimensional. 

In the Monte Carlo simulation, the 6 x 6 x 4 0  system has been treated. The depen- 
dence of the phase boundaries and detailed structure in modulated phase, etc., on the 
system size are interesting problems to be investigated. It is difficult to use Monte 
Carlo algorism to probe the details of the modulated structures, due to the impossibility 
of choosing a lattice size and boundary condition along the axial direction which do 
not affect the periodicity of the modulation. For such purpose, therefore, the site 
dependent molecular field calculation is now in progress. 
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Appendix 

By means ofthe molecular-field approximation the wavevector dependent susceptibility 
x ( q ) ,  is calculated. Letting a lattice constant be unity, 

C = N 4 g @ d Z  (A2) 
T(q)  = a[2Jo(cos qx +cos qy)  +2Jl cos qz +2J2 cos 2q,+2aJ3 cos 2q,] 

are obtained, where a = S(S+ 1)/3 =; for S= 1, g and pB denote the g-factor and the 
Bohr hnagneton respectively. By lowering the temperature from the paramagnetic state, 
the ordered state corresponding to the critical wavevector q., for which equation (A3) 
becomes maximum, appears at the beginning. The critical wavevector qc= ( q i ,  4;. 4:) 

(ferromagnetic phase) and for K < -$, q: = q;=O and q: =cos- ' ( -~ /~K)  (modulated 
phase) are obtained (figure 3). Let T(q,)  in each case be T, and T,, respectively, 
then 

is calculated for K ~ = J ~ / J , > O  and K=KZ+aK)<O. For - i < K ,  &=q;=qf=O 

(A4) TC -=4~ ,+2(1  + K )  
aJ, 

and the Lifshitz point is given by 

The transition temperature Tu defined in section 3 corresponds to T, for K > K* and 
T, for K < K * ,  respectively. The cases of the [2-21 and [3-41 model are summarized in 
table 1. 
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